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Abstract. We classify connected Hopf algebras of Gelfand-Kirillov dimension 
4 over an algebraic closed field of characteristic zero. 



0. Introduction 

For the introduction and most part of the paper we assume that the base field k 
is algebraic closed of characteristic zero. Noncommutativc Hopf algebras of finite 
Gelfand-Kirillov dimension (GK-dimension, for short) have been studied in several 
papers, see for example, [Ml ESlJ ESU El lGZ2l O IWZZH IWZZ2I IZhll [Zh2) . 
The third-named author proved that, if a Hopf algebra H is a connected, then 
the associated graded Hopf algebra gr H with respect to the coradical filtration 
is isomorphic to a commutative Hopf algebra |Zh2[ Proposition 6.4]. If H has 
finite GK-dimension, then gr H is isomorphic to the polynomial ring k[x\, • • • , x n ] 
|Zh21 Theorem 6.10], namely, the regular functions 0(G) on a unipotent group 
G, or equivalently, the graded dual [/(£)* of the universal enveloping algebra over 
a graded Lie algebra £, which is called the lantern of H. Since the coradical 
filtration is naturally associated to the given Hopf algebra, the lantern £, as well as 
the associated unipotent group G, are invariants of H. This observation motivates 
the following two related questions. 

Question 0.1. What are the invariants of H that determine completely the Hopf 
algebra structure of HI 

Question 0.2. Can we classify all connected Hopf algebras of finite GK-dimension? 

The first question was suggested by Andruskiewitsch and Brown. Also see the 
talk given by Brown at the Banff workshop |Br3j . The second question is a subques- 
tion of several motivating questions for a couple of ongoing classification projects 
initiated by many people such as Andruskiewitsch, Schneider, Brown, Goodearl 
and their collaborators. Some studies of general Hopf algebras of GK-dimension 1 
and 2 are given in BZ, Li, GZ2, WZZ2 by using homological tools. There is little 
chance to list all isomorphism classes of connected Hopf algebras. A more practical 
question is along the line of Question lO.il can we classify connected Hopf algebras 
in terms of their invariants? 

The connected hypothesis is quite restrictive, but there are some interesting new 
Hopf algebras in this class even when the GK-dimension is 3, see the classification 
of connected Hopf algebras of GK-dimension 3 in |Zh2[ Theorem 1.3]. Since H is a 
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deformation of gr H , it is possible to understand all H in Question l0.2l if the (Hopf )- 
cohomologies of gr H can be worked out completely. But we will not consider this 
in the present paper. 

The first goal of the paper is to provide some invariants of connected Hopf 
algebras that help us to understand partially the structure of the Hopf algebra. 
One of such is the coassociative Lie algebra that was introduced in jWZ Z3 . Our 
second goal is to study and classify all connected Hopf algebras of GK-dimension 
4, which should give us a better sense of how connected Hopf algebras of higher 
GK-dimension look like. Here is the main result. 

Theorem 0.3. Let H be a connected Hopf algebra of GK-dimension 4- Then H is 
isomorphic to one of following. 

(a) Enveloping algebra U(q) over a Lie algebra Q of dimension 4. 

(b) Enveloping algebra U(L) over an anti-cocommutative coassociative Lie al- 
gebra L of dimension 4. 

(c) Primitively-thin Hopf algebras of GK-dimension 4- 

Here are some details about Theorem 10.31 

Remark 0.4. Let H be as in Theorem 10.31 and parts (a,b,c) here match up with 
that of Theorem 

(a) All 4-dimensional Lie algebras over the complex numbers C are listed in the 
book [OV1 Theorem l.l(iv), page 209]. In this case, the lantern Z{H) is 
the unique graded Lie algebra of dimension 4 generated by four elements in 
degree 1, namely, the abelian Lie algebra of dimension 4. 

(b) Anti-cocommutative coassociative Lie algebras of dimension 4 are classified 
in Theorem [331 Therefore Hopf algebras in Theorem l0.3f b) are completely 
described. In this case, £(H) is, up to isomorphism, the unique graded Lie 
algebra of dimension 4 generated by three elements in degree 1 , namely, the 
Lie algebra f)3 © k where f)3 is the 3-dimensional Heisenberg Lie algebra. 

(c) There are exactly four families of primitively-thin Hopf algebras of GK- 
dimension 4, each of which is constructed explicitly in Section HI see Theo- 
rem [L23] In this case, is, up to isomorphism, the unique graded Lie 
algebra of dimension 4 generated by two elements in degree 1. 

Some ideas can be extended to connected Hopf algebras of GK-dimension 5. 
For example, the classification of the lantern of H is given in Remark 12.101 In 
higher GK-dimension, we have the following result. Let p(H) denote the dimension 
of the space of all primitive elements. Let Pi{H) be the space generated by all 
anti-cocommutative elements of H. 

Theorem 0.5. Suppose H is a connected Hopf algebra. Ifp(H) = GKdimi? — 1 < 

oo, then H is isomorphic to the enveloping algebra over an anti-cocommutative 
coassociative Lie algebra P2(H). In this case H is completely determined by P2(H). 
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1. Preliminaries 

Throughout let k denote a base field. All vector spaces, algebras, coalgebras 
are over k. For any coalgebra C, we use A and e for comultiplication and counit, 
respectively. We denote the kernel of the counit by C + . The coradical Co of C is 
defined to be the sum of all simple subcoalgebras of C. The coalgebra C is called 
pointed if every simple subcoalgebra is one-dimensional, and is called connected if 
Co is one-dimensional. Also, we use {C n }^ =0 to denote the coradical filtration of 
C [Mol 5.2.1]. 

For a pointed Hopf algebra H, the coradical filtration {H n }^L is a Hopf algebra 
filtration [Mol p. 62]. As a consequence, the associated graded algebra is also a 
Hopf algebra, which we denote by grH. Also, we use giH(n) to denote the n-th 
homogeneous component of griJ (i.e. giH(n) = H n j H n -i). 

Let LieAlg be the category of Lie algebras and let HopfAlg cc be the category of 
connected cocommutative Hopf algebras. Then the first assertion of the following 
is a consequence of Milnor-Moore-Cartier-Kostant Theoerem |Mol Theorem 5.6.5]. 
The second assertion is a well-known fact in ring theory. 

Proposition 1.1. Let char k = 0. Then the assignment q — > U(q) defines an 
equivalence between categories LieAlg and HopfAlg cc . 7/dimg < oo, then 

GKdim[/(g) = gldim[/(g) = dimg. 

In some sense, noncocommutative connected Hopf algebras are a generalization 
of the universal enveloping algebra over a Lie algebra. 

Let if be a connected Hopf algebra. By [Zh2[ Proposition 6.4 and Theorem 6.6], 
grH is a commutative domain. Suppose grTi is locally finite. Then the graded 
dual (gr H)* is a Hopf algebra. 

Definition 1.2. Let H be a connected Hopf algebra. 

(a) Let P{H) be the space of primitive elements in H and let p{H) be the 
dimension of P(H). 

(b) We say H is locally finite if p(H) < oo, or equivalently, Hi in the coradical 
filtration of H is finite dimensional for all i. 

(c) H is called primitively-thin, if p(H) = 2. 

(d) Suppose H is locally finite. The lantern of H is the graded Lie algebra 
Z{H) such that U(£(H)) (grif)*. In other words, £(ff) = P((grH)*). 

The following lemma is easy. Part (a) of the following lemma says that £(H) 
is a kind of the abelianization of H. Parts (e,f) justify calling H primitively-thin 
when p(H) = 2. 

Lemma 1.3. Let H be a locally finite connected Hop} algebra. 

(a) If H is the (universal) enveloping algebra U{q) for a finite dimensional Lie 
algebra g, then £{H) is the abelian Lie algebra of dimension equal to dimg. 

(b) The &(H) is a positively graded Lie algebra generated in degree 1 and 
dim£(if) = GKdimiJ. 

(c) £(fT)i = (gr-ff)i - (Hi/k)* = P{H)\ 

(d) p(H) = 1 if and only if H = k[x]. 

(e) [2h"H Lemma 5.11] If GKdimii > 2, then p(H) > 2. 

(f ) H is primitively-thin if and only if £(if ) is a graded Lie algebra generated 
by two elements in degree 1. 
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Proof, (a) In this case gr H = U(A) where A is an abelian Lie algebra with dim A = 
dimg. So grH is a commutative and cocommutativc Hopf algebra and (gr H)* = 
grH as Hopf algebras. Consequently, (gr H)* = U(A). Thus £(H) = A. 

(b) Since grH is coradically graded, (grH)* is generated in degree 1 as an 
algebra. Since (grH)* is cocommutative |Zh21 Proposition 6.4] and char k = 0, 
(gr H)* = t/(£) and £ is a graded Lie algebra generated in degree 1. Finally, 

GKdimtf = GKdimgrtf = GKdim(gr H)* = dim£(#). 

(c) It follows from definition and part (b). 

(d) If p(H) = 1, then £(i?)i is 1-dimensional. By part (b), £(-ff) is generated 
by £(if)i. Thus Z(H) = £(if)i, which is 1-dimensional. 

(e,f) These follow from part (b) and definition. □ 

Given any graded Lie algebra finitely generated in degree 1, say g, U(q) is a 
locally finite graded Hopf algebra. Since U(q) is isomorphic to (U(g)*)* , the lantern 
of the Hopf algebra H = (U(g))* is fj. Therefore every graded Lie algebra finitely 
generated in degree 1 appears as the lantern of some connected Hopf algebras. 

Lemma 1.4. Let H be a connected Hopf algebra of GK-dimension 4 and let £ be 
the lantern of H . Then £ is isomorphic to one of the following: 

(a) the abelian Lie algebra of dimension 4 concentrated in degree 1. 

(b) the graded Lie algebra of dimension 4 with a basis {a, b, c, [a, 6]} where a, b, c, 
are in degree 1 and [a, b] is in degree 2, subject to the relations [c, £] = = 
[[a, b], £]. This Lie algebra is isomorphic to the Lie algebra f)3 © k where f)3 
is the 3-dimensional Heisenberg Lie algebra. 

(c) the graded Lie algebra of dimension 4 with a basis {a, 6, [a, b], [[a, 6], b]} where 
a, b are in degree 1, [a, b] is in degree 2 and [[a, 6], b] is in degree 3, and subject 
to the relations [[a,b],a] = = [[[a, b], b], £] = 0. 

Proof. By Lemma fOT b) . £ = ©i>i£^ is a graded Lie algebra generated in degree 
1 of dimension 4. By Lemma fl.3f c.e). the degree 1 component Z\ has dimension 
either 2 or 3 or 4. 

If dim£i = 4, then £ = £i which must be abelian. This is case (a). 

If dim £i = 3, pick a basis, say {a, b, c} of &%. Then dim £2 = 1 and £j = for 
all i > 2. Let z be a basis of £2. By linear algebra, up to a basis change, z — [a, b] 
and c is in the center of £. This is case (b). 

If dim£i = 2, pick a basis, say {a, b} of £1. Then dim£ 2 = 1 with a basis [a, b], 
dim £3 = 1 and dim£j = for all i > 3. Then [[a, b], a] and [[a, b],b] are linearly 
dependent. Up to a base change we may assume that [[a, b],a] — 0. Thus [[a, 6], b] 
is the fourth basis element of £. This is case (c). □ 

The three different cases in Lemma Tl. 41 will be a guideline for our classification. 

Later in this paper we will use the cohomology of coalgebras as a tool, which we 
briefly recall here. Let k C C be a connected coalgebra. Then C + , the kernel of 
the counit, becomes a coalgebra without counit by setting 

8(x) = A(x) - (1 ® x + x ® 1) 

Let f2C be the tensor algebra TC + with a differential determined by 



d(x) = S(x) 
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for all x E C + with given degree one. Extend d to the algebra il(C) as a derivation. 
Since 5 is coassociative, d is a differential (i.e., d 2 — 0) and (fiC, d) is a dga. We 
call (fiC, d) the cobar construction of C. The ith coalgebra cohomology of C is 
defined to be the ith cohomology of (VtC,d), namely 7J*(51C), for any integer i. 

2. Coassociative Lie algebras and their enveloping algebras 

We first recall the definition of coassociative Lie algebras. 

Definition 2.1. |WZZ3[ Definition f .1] A Lie algebra (L, [ , ]) together with a 
coproduct (5 : L — > L ® L is called a coassociative Lie algebra (or CLA, for short) if 

(a) (L,5) is a coalgebra, namely, S is coassociative without counit, 

(b) 6 and [ , ] satisfies the following condition in the usual enveloping algebra 
U(L) of the Lie algebra L, 

(E2.1.1) S([a, b}) = bi ® [a, 6 2 ] + [a, h] ®b 2 + [a x ,b] ®a 2 + a 1 ® [a 2 ,b] + [5(a), 5(b)] 

for all a,b E L. Here 6(x) — x\® x 2 following Sweedler with S omitted. 

Let CoLieAlg be the category of coassociative Lie algebras (CLAs). Some basic 
properties of CLAs can be found in WZZ3]. The enveloping algebra of a CLA is 
defined as follows. 

Definition 2.2. |WZZ3l Definition f .8] Let L be a CLA. The enveloping algebra 
of L, denoted by U(L), is defined to be the bialgebra, whose algebra structure is 
equal to the enveloping algebra of the Lie algebra L without S, namely, U(L) — 
k(L) I [ab — ba — [a, b] , V a, b £ L), and whose coalgebra structure is determined by 

A (a) = aig)l + l®a + 5(a), e(a) = 

for all a E L. 

In general U(L) is not a Hopf algebra, and it is a Hopf algebra if and only if L 
is locally conilpotent [WZZ31 Theorem 0.1, Definition 1.10]. 

Definition 2.3. Let L\ and L 2 be CLAs. 

(a) We say L\ and L 2 are quasi- equivalent, and denoted by L\ ~ L 2 , if U(L-i) 
is isomorphic to U(L 2 ) as bialgebras. 

(b) A coassociative coalgebra (L,8) is called anti-cocommutative if tS = —6 
where the flip r : L® 2 -> L m is defined by r(a ® 6) = 6 ® a. 

For an anti-cocommutative CLA L, the enveloping algebra i7(L) is a connected 
Hopf algebra since L is conilpotent by [WZZ31 Lemma 2.8(b)]. 

In rest of this section we assume that char k ^ 2. Let H be a general Hopf algebra 
and let P{H) denote the fc-subspace of H consisting of all primitive elements in H . 
It is well known that P{H) is Lie algebra. The dimension of P(H) is denoted by 
p(H). 

Let § H : H -> if® 2 be the map defined by 
(E2.3.1) S H (h) = A{h) - (ft® 1 + 1® ft) 

for all h E H. 

Definition 2.4. Let H be a Hopf algebra. 

(a) An element / E H® 2 is called symmetric if r(/) = /. An element / E H® 2 
is called skew- symmetric if t(/) = — /. 
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(b) Define 

Pi(H) = {x e H \ 6h(x) is skew-symmetric and lies in P(H) 02 }. 

The dimension of P2(H) is denoted by p 2 (H). 

(c) The anti-cocommutative-space of H is the quoteient space P 2 (H)/P(H), 
denoted by P 2 (H). The dimension of P 2 {H) is denoted by p' 2 (H). 

Here is a list of basic properties of P 2 (H). Part (a) justifies Definition I2.4f b.c) . 

Lemma 2.5. Let H be a Hopf algebra. Let 5 = 8h and [,] = [, ]h- 

(a) Every anti-cocommutative subcoalgebra of (H,d) is contained in P 2 (H). 
Consequently, (P 2 (H), 5) is the largest anti-cocommutative subcoalgebra of 
(H,S). 

(b) P 2 (H) = {xeH\ 6{x) C P 2 {H)® 2 ,t8{x) = -S(x)}. 

(c) P 2 (H) is Lie subalgebra of H if and only if [S(x),S(y)] = for all x,y £ 
P2{H). 

(d) Suppose P{H) is abelian. Then (P 2 (H), [ , ]) is a Lie subalgebra of H and 
[P 2 (H),P 2 (H)]cP(H). 

(e) If P 2 (H) I 'P(H) is 1- dimensional, then P 2 {H) is a He subalgebra of H. 

(f) P 2 {H) is a Lie module over P(H). 

(g) p' 2 (H)<( p{ P)- 

Proof. Clearly P(H) C P 2 (H). By definition, 5(P 2 {H)) C P{H)® 2 C P 2 (H)® 2 
and t5(x) — —8(x) for all x € P 2 (H). Hence P 2 (H) is an anti-cocommutative 
subcoalgebra of (H, 5) . 

(a) By definition, keri5 = P(H). Let C be any anti-cocommutative subcoalgebra 
of (H,5). By |WZZ31 Lemma 2.8(b)], 

5(C) C (kerJ)® 2 C P{H) m . 

Since C is anti-cocommutative, C C P 2 (H) by definition. 

(b) Let C = {x € H | S(x) C P 2 {H)® 2 ,t8{x) = -6(x)}. Then, by definition, 
P 2 {H) C C. So 5(C) C C® 2 and C is an anti-cocommutative subcoalgebra of 
(H,5). The assertion now follows from part (a). 

(c) For any x,y € H , 

6([x, y]) = A([x, y}) - [x,y] ® 1 - 1 ® [x, y] 

= [A(s), A(y)] - [a;, y] ® 1 - 1 ® [s, y] 

= [S(x) +x®l + l®x, 5(y) + y®l + l<8>y]-[x,y]<8>l-l(g)[x,y] 
= w(x,y) +v(x,y), 

where 

w(x, y) = [5(x), y<S>l + l<S)y} + [x®l + l(g>x, S(y)] 

and 

v(x,y) = [S(x),6(y)]. 

Now let x, y G P 2 {H). By definition, (5(x),<5(y) e P(H)® 2 . In this case w(x,y) <E 
P(H)® 2 . Since 5(x) and J(y) are skew-symmetric, so is w[x, y). But v(x,y) is 
symmetric. Hence, 8([x, y]) is skew-symmetric if and only if v(x,y) = 0. The 
assertion follows. 

(d) By part (c), P 2 {H) is a Lie subalgebra of (H, [ , ]). For x,y e P2{H), 
8([x, y]) = w(x, y) + v(x, y) where w(x, y), v(x, y) are defined as in the proof of part 
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(c). Since P(P) is abelian, both w(x,y) and v(x,y) are 0. Hence 8([x,y]) — and 
consequently, [x,y] € P(H). The assertion follows. 

(e) Since P 2 (H)/P(H) is 1-dimensional, P 2 (P) = kf@P{H) for some / G P 2 (P). 
For any x,y £ P 2 (P), write x = af + xq and y = 6/ + 2/o for some a,b £ k 
and a?o,yo e ^(^0- Then ^fa) = a ^(/) and <%) = ^(/)- Hence [S(x),S(y)] = 
[a<5(/), &<5(/)] = 0. The assertion follows from part (c). 

(f) Let x £ P 2 (H) andye P{H). Then 6([x, y]) = [6(x),l®y+y®l] £ P(H)® 2 . 
Since 5(x) is skew-symmetric, so is [S(x), 1 <£> y + y <8> 1]. Hence [x, j/] 6 P 2 (P). 

(g) This follows from the fact that 5 defines a fc-linear injective map from 
P 2 (P) /P(H) — > P{H) A P{H). □ 

Lemma 2.6. Lei H be a Hopf algebra. Suppose that char k — 0. In parts (c,d,e), 
assume that H is a connected Hopf algebra. 

(a) p 2 (H) < GKdim P. 

(b) Let q be a Lie algebra. Then P 2 (U(q)) = P(U(q)) = Q. 

(c) Let U be the Hopf subalgebra of H generated by P(H). If U =/= H, then 
P(H) ^ P 2 {H) and GKdim U < GKdimP. 

(d) P(P)=grP(l) = P(grP). 

(e) P 2 (P) =P 2 (grP) <mdP 2 (grP)©grP(l) 2 = grP(l) © gr P(2). 

Proof, (a) The subcoalgebra P 2 (H) + kl is connected and counital by [WZZ3 ( 
Lemma 2.4]. Then the subbialgebra of H generated by P 2 (H) + kl is connected, 
and whence a connected Hopf algebra |Mo| Lemma 5.2.1] . Therefore, after replacing 
it by the Hopf subalgebra generated by P 2 {H) + kl, we may assume that if is a 
connected Hopf algebra. 

By |Zh2, Theorem 6.10], grP = k[x\, ■ ■ ■ ,x n ] where n — GKdimP. Arranging 
{xi} so that degXi = 1 for all £ = 1, • • • ,pi and degXi = 2 for all £ = pi + 1, • • • ,p 2 
and degXi > 2 for all i > p 2 . Then {x\, ■ ■ ■ ,x Pl } is a basis of grP(l) = Hi/H = 
P(P), and {x Pl+1 , ■■■ ,x P2 ] is a basis of grP(2)/grP(l) 2 . Since grP(2) = H 2 /H 1 
and grF(l) = Hi/H , grP(2)/ grP(l) 2 ^ P 2 /P 2 . Note that P 2 (P) is a subspace 
of H 2 by the definition of P 2 {H). For any x £ P2(H) \ P(H), 5(x) is nonzero 
and skew-symmetric by the definition of P 2 (H) and P(P), and for every y € P 2 , 
an easy calculation shows that S(y) is symmetric. Let C be a subspace of P 2 (H) 
such that P 2 (H) = C © P{H). Then the above discussion says that C C H 2 and 
CDH 2 = {0}. Therefore 

dim P 2 (H)/P(H) = dimC* < dim P 2 /P 2 = dimgrP(2)/grP(l) 2 = p 2 -p x . 



p 2 (#) = dim P 2 (P) = dimC + dim P (if) < (p 2 - pi) +pi = p 2 < n = GKdim H. 

(b) Follows by a direct computation. 

(c) Since U ^ P, by [Zh2l Lemma 7.4], GKdim U < GKdim P if GKdim U < oo. 
Since P is the Hopf subalgebra of P generated by P(P), P is cocommutative 

and, whence, U is the enveloping algebra P(g) for some Lie algebra q. Clearly, 



Consider the coradical filtrations {Pi}i<=N and {P^jigN of U and P respectively. 
Since U C P, there is a minimal n such that P„ C P n . The equality P(P) = P(P) 
implies that n > 2. Pick any f € H n \ U n , 6(f) £ P®^ = U®\. This means that 
5(f) £ U m is a coalgebra 2-cocylce of P. 



Thus 



= P(P)=P(P). 
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Since U is the enveloping algebra U(g), U, as a coalgebra, is isomorphic to U(V) 
where V is the abelian Lie algebra of dimension equal to dim g. So one can forget 
about the Lie structure of q when computing the coalegbra cohomology of U. A 
cohomology computation shows that any 2-cocylce is congruent to an element in 
A g modulo some 2-coboundary. This fact is a special case of a more general result 
in |WZZ4[ Proposition 4.1]. This means that there is an element g G U such that 
S(f ~ 9) S g A g. Since / g U, f - g G H \U, or / - g G P 2 (H) as 5(f - g) G A Q 
is skew-symmetric. The assertion follows. 

(d) By the definition of coradical filtration, H± = kl®P(H) = H ®P(H). Hence 
P(H) = griT(l). Since gri? is coradically graded [Zh2l Remark 2.2], P(gtH) = 
grff(l). 

(e) Let x G P%{H) and let a be the associated element in gri?. If x G P(H), then 
a G P(grH) by part (d) and the map x — > a is an isomorphism when restricted 
to P{H). Now suppose x ^ P(H). Then a ^ P(grH) by part (d). Since G 
P(H)® 2 is skew-symmetric, so is (5(a) G P(gr H)® 2 . Thus we have an injective map 
P 2 (H) —> P2(grH), Now let a G f^gT-ff)- Since P(-ff) = gri/(l), we may assume 
that a G gT H(2). Let {ij} be a basis of P(H) and {y,} be the corresponding basis 
of gr if (1). Then 5(a) = ■ Cij (yi ® yj — yj ® y^) for some c^- G fc. Let x G ii^~ be 
a preimage of a. Then <5(x) = J2i j Cij(xi®Xj—Xj®Xi) + l®Z\+z-2®l+c®l where 
Z\,z% G P(H) and c G k. The counit axiom for A implies that Z\ = z 2 = c = 0. 
Therefore cc G P-z(H), The first assertion follows. 

For the second assertion we note that 

grif(l) = P(grH) C P 2 (grH) C grff(l) 8 grii(2) 

and that 

P 2 (grii)ngr!i(l) 2 = {0}. 
It remains to show that grii(2) C P 2 (gi: H) @gi H(l) 2 . By replacing H with grii, 
we may assume that H is coradically graded. For any x G , 5(x) = ^ ^ CyOJj ® 
aij + 1 ®Zi+Z2 ® 1 + c(g) 1 where Xi,Zi,Z2 G and c G fc. The counit axiom for A 

implies that z\ = z 2 = c = 0. Replacing x by x - J2i \ c i% x \ ~ \ J2i<j ( c »j + Cji)%i%j , 
5(x) becomes skew-symmetric. So x G P 2 (H). The second assertion follows. □ 

Here is our main result of this section. 

Theorem 2.7. Suppose that char k = and H is a connected Hopf algebra. If 

GKdim H < p(H) + 1< 00, 

then H = U(L) for some anti-cocommutative CLA L = P 2 (H). If further, 
GKdim H = p(H), then H = U(g) where g = P(H). 

Proof. Let be the Lie algebra P(H) of the primitive elements of H. If H = U(g), 
the assertion is trivial as we have a natural embedding LieAlg — > CoLieAlg. 

For the rest of the proof we assume that H 7^ U(g). By Lemma l2"l?t c). P 2 (H) ^ 
P(H). Since P(H) is a proper subspace of P 2 (H), p(H) + 1 < p 2 (H). By Lemma 
|23Di). p 2 (H) < GKdim H. By hypothesis, GKdim H < p(H) + 1 < 00. Therefore 
there is only one possibility, namely, p 2 (H) = p(H) + 1 = GKdim H. By Lemma 
I2.5f e) P 2 (H) is a Lie subalgebra of H . By Lemma [2.5f a). (P 2 (H),5) is an anti- 
cocommutative subcoalgebra of (H, 5). 

Let K be the subbialgebra of H generated as an algebra by the connected sub- 
coalgebra (P 2 (H) + jfcl, A). Then K is a Hopf subalgebra of H as mentioned 
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in the proof of Lemma l2.6f a). By Lemma l2.5f a). Ps(K) D ft(-ff) and clearly 
2 P2(K), we have P 2 (K) = P 2 (H). By Lemma Ejjb), P 2 (C/(g)) = fl, 
and by assumption in the previous paragraph and Lemma 12.6( c) . P2(H) D g, we 
conclude that U(g) is a proper subalgebra of K. By |Zh2l Lemma 7.4], 

GKdimif > GKdim[/(g) + 1 = p(H) + 1. 

By hypothesis, GKdimif < + 1 and obviously GKdimif > GKdimiT. Hence 
GKdimif = GKdim/i = p(H) + l=p 2 (H). By [Zh2l Lemma 7.4], iJ = K. 

Next we show that L := P2(H) is a CLA. By the second paragraph, L is both a 
Lie algebra and a coalgebra. It remains to verify (|E2.1.1j) . Choose a basis of g, say, 
{xi}, and an element z£L\g. Then {x{\ U {z} is a basis of i. It is trivial that 
(|E2.1.1|) holds for (a, b) = (z, z) and for (a, 6) — (xi,Xj) since 5(2^) = 0. It remains 
to show (|E2.1.1[) for (a, b) = (z,Xi) (and by symmetry for (a, b) = (xi,z)). Since 
S(xi) — 0, we have 

S([z, Xi]) = [5(2), ^ ® 1 + 1 ® Xi] 

= [z ® 1 + 1 ® 2, 5(aj»)] + [5(z), ® 1 + 1 ® aii] + [<5(z), 

which holds in if® 2 and hence holds in L® 2 . Thus the above holds in U{L) m , 
which ver ifies (|E2.1.ip . 

Let J7(L) be the enveloping algebra of the CLA L. There is a canonical Hopf 
algebra map <fi : U(L) —> H sending x £ L to x. By |Mo[ Theorem 5.3.1], the map 
<f> is injective since the restriction of <p on the space of primitive elements, namely, 
4> \p(H)i is injective. Now by |Zh2l Lemma 7.4] again this is an isomorphism 
since GKdimi/ = GKdimJ7(L). Finally by the definition of P2(H), L is anti- 
cocommutative. □ 

Proposition 2.8. Suppose char k — 0. Let L be an anti-cocommutative CLA. 

(a) P 2 (U(L)) = L. 

(b) Let P = ker(<5 : L -> L m ). Then gvU(L) = k[P L/P] where elements of 
P are in degree 1 and that of L/P are in degree 2. 

(c) The coradical ofU(L) is given by U(L)q = kl, U(L)± = P + kl, U(L)2 = 
(P + kl) 2 + L, and, for n>3, 

n-l 

U{L) n = y £ / U{L)i-U{L) n - i . 

i=l 

(d) Suppose L is finite dimensional. Then £(U(L)) = P* © (L/P)* where the 
Lie algebra structure of P* ® (L/P)* is induced by the coalgebra structure 
ofL. 

Proof. For simplicity, we assume that dimi < oo in the following proof. The 
assertion holds in general, but the proof requires more computation which we omit 
here. 

(a) By construction and Lemma l2~5T a), L is a subspace of P2(U(L)). By Lemma 
EBta), ' 

dimP 2 (C7(L)) < GKdimC7(L) = dimi < dim P 2 (U(L)). 
Hence L = P2(U(L)) as L is finite dimensional. 

(b) By the proof of Lemma [2~BT a) . k[P © L/P] is a Hopf subalgebra of gr U (L). 
Obviously they have the same GK-dimension. Now the assertion follows from [Zh2[ 
Lemma 7.4]. 
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(c) This follows from part (b) and the fact gr U(L) is coradically graded. 

(d) By part (b), H := grU(L) = fc[P © L/P] where P © L/P is the minimal 
generating space of H. Then P* © (L/P)* is a minimal co-generating space of 
the dual K := H* = (grU(L))*. Let {x i } l and {yj}j be a basis of P and L/P 
respectively, and {x*}i and {Vj}j be the dual basis of P* and (L/P)* respectively. 
It follows from the definition and the fact that Xj and yj are generators that both x* 
and y* are primitive elements. Therefore P* © (L/P)* C £([/(£)). Consequently, 
P* © (L/P)* = £(U(L)) as they have the same fc-dimension. Suppose, for any s, 
S(y s ) = J2i<j ° l s{ x i ® 35 j — x j ® x i) f° r some € fc, and define c{ 1 = —c l J. Then 

A ff (y s ) = y s (g 1 + 1 <g ?/ s + c*- 7 (xj (g Xj - Xj (g x,). 

i<j 

By the fc- linear pairing K x if — > fc, we have 

k* ; ^*](yt) = «a£ - ^*<)(yt) 

= (x* <g x* - x* <g x*)(A ff (y t )) 

= (x* (g) xj - Xj ® x*)(y t ® 1 + 1 ® j/ t + ^ J (xj/ <g Xj/ - Xji <g Xj/)) 

i'<j' 

= 2^ = X;c?"(2»:)(wt)0 

Hence [x*,x*] = 5Z S 2cg J 'y* for all Therefore the assertion follows since the 
coefficients c l J are determined by the coalgebra of L. □ 

Proposition 2.9. Let L be a conilopent CLA of dimension < 4. Then it is quasi- 
equivalent to an anti-cocommutative CLA. 

Proof. By |WZZ3|, Lemma 2.4], U(L) is a connected Hopf algebra. By Lemma 
ll.3f e). P(U(L)) has dimension at least 2. If dimi < 3, the assertion follows from 
Theorem 12.71 For the rest we consider the case when dimi = 4. 

Let P n (L) = kerS n . Since L is conilpotent, P»_i(L) ^ Pi(L) if P»_i(L) 7^ L. 

If dim Pi (i) = 4, then L is 4-dimensional Lie algebra with trivial (5-structure. 

If dim Pi (L) = 1, then dimP2(L) = 2 with an element X2 6 P2(L) \ P\{L) such 
that 5(x2) = xi (g x\. For any X3 £ Pz(L) \ P2 (■£'), write <5(x3) = axi (g X2 + 0x2 <S) 
x\ + CX2 (g X2. The coassociativity on X3 implies that a — b and c = 0. Without 
loss of generality, we assume that S(xs) = x\ (gx2 +X2 <g Xi. Thus Xi,X2 — \x\ 
and X3 — X1X2 + \x\ are linearly independent primitive elements in U(L). Thus 
dim P(U(L)) is at least 3. Hence L is quasi-equivalent to an anti-cocommutative 
CLA by Theorem O 

Suppose dim Pi (L) = 2 with a basis {xi,X2}. If dimP(U(L)) > 3, L is quasi- 
equivalent to an anti-commutative CLA by Theorem 12.71 So we only need to 
consider the case when dim P(U(L)) — 2. If dimp2(i) = 4, choose two basis 
elements y±, yi in Pi(L) \ P\(L). Then S(yi — f(x±, X2)) = a(xi (g X2 — X2 <g xi) and 
5(j/2 — g(x\, X2)) = 6(xi (gX2 — X2 <g xi) for some polynomial /(xi, X2) and <?(xi, X2). 
Since P(U(L)) = 2, both a and & are nonzero. Thus a(y2 — g) — b(yi — f) is an 
extra primitive element, a contradiction. Hence dimP2(L) = 3 and dimp^i) = 4. 
Let X3 be a basis element in P2(L) and X4 be a basis element in Pz(L). Write 
S(x4,) — f (g X3 + X3 (g 5 + 0x3 (g X3 with f,g£ P\(L) and a € fc. Coassociativity 
on X4 implies that a = 0, f = g ^ and <5(x3) = 6/ (g / for some 6 € fc. Thus i is 
symmetric and hence quasi-equivalent to a Lie algebra by |WZZ31 Corollary 2.6]. 



HOPF ALGEBRAS OF GK-DIMENSION 4 



11 



If dim Pi (L) = 3, then dim P(U(L)) is at least 3 and the assertion follows from 



Before we continue we would like to make a remark about the lantern of con- 
nected Hopf algebras of GK-dimension 5, which could serve as a guideline for the 
classification of connected Hopf algebras of GK-dimension 5. 

Remark 2.10. Let H be a connected Hopf algebra of GK-dimension 5. 

(a) Let p(H) denote the dimension of the space of all primitive elements. Then 
p(H) is in the range [2, 5]. 



(b) If p(H) = 5, then 2(H) is abelian (which is unique) and H is isomorphic to 
the enveloping algebra over a Lie algebra. 

(c) If p(H ) = 4, then 2(H) is generated by four elements in degree 1 (there are 
two such graded Lie algebras up to isomorphism) and H is isomorphic to the 
enveloping algebra over an anti-cocommutative coassociative Lie algebra. 

(d) If p(H ) — 3, then 2(H) is generated by three elements in degree 1 and there 
are two subcases. 

(dl) If the degree two component of 2(H) has dimension 2 (there is only 
one such graded Lie algebra), then H is isomorphic to an enveloping 
algebra over an anti-cocommutative coassociative Lie algebra. 

(d2) If the degree two component of 2(H) has dimension 1 (there is only 
one such graded Lie algebra), then H is not isomorphic to the envelop- 
ing algebra over either an ordinary Lie algebra or a coassociative Lie 
algebra, nor a primitively-thin Hopf algebra. 

(e) If p(H) = 2, then 2(H) is generated by two elements in degree 1 (there are 
two such graded Lie algebras) , and H is a primitively-thin Hopf algebra. 

3. Classification of anti-cocommutative CLAs up to dimension 4 

In this section we classify all anti-cocommutative CLAs of dimension up to 4. 
The case of dimension 1 is trivial. 

3.1. Dimension 2. We start with an easy observation. 

Lemma 3.1. Let L be an anti-cocommutative CLA of dimension two. Then 5 = 
and L is an ordinary Lie algebra. 

Proof. Let / = kcr<5. By |WZZ31 Lemma 2.8(b)], 5(L) C I® 2 . If I = 0, then 5 = 0. 
If dim/ = 1, pick a nonzero element x G /. Then, for every y G L, S(y) = Xx<S>x for 
some X £ k. By the anti-cocommutativity of 5, A = 0. Thus 5 = 0. The remaining 
case is when dim J = 2, which implies that 5 = 0. □ 

It is well known that a 2-dimensional Lie algebra is either abelian or solvable 
with [x,y] = y for a suitable basis {x,y}. 

3.2. Dimension 3. The following lemma is similar to Lemma T3. II The classifica- 
tion of 3-dimensional Lie algebra is well-known, which is called Bianchi classification 
when the base field is either the real numbers 1R or the complex numbers C (for 
instance, see |OV| p. 209, Theorem 1.1] if k = C). We will not include the list here. 
Next we will consider those CLAs with nontrivial 5. 



Theorem O 



□ 
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Let a(Ai, A2, a) denote the CLA with a basis {x, y, z} whose Lie algebra structure 
011 L —: B{b) is determined by 

[x,y] = 0, 

[z, x] = Xix + ay, 

[z,y] = X 2 y 

for some Ai,A2,a € k, and whose coalgebra structure is determined by 8(x) = 
S(y) = and S(z) — x®y — y ® x. 

Lemma 3.2. Let L be an anti-cocommutative CLA of dimension 3 such that 5^0. 
Then L is isomorphic to one of the following: 

(a) 0(0,0,0). 

(b) o(l,A, 0). And <z(l, A', 0) is isomorphic to o(l, A,0) if and only if X' = A or 
A" 1 . 

(c) o(0,0,l). 

(d) o(l,l,l). 

(e) The CLA 6(A) with a basis {x,y, z}, whose Lie algebra strcutrue is deter- 
mined by 

[x, y] = y, 

[z, x] = —z + Ay, 

[z,y] = 0, 

where A is in k, and whose coalgebra structure is determined by 8{x) = 
8{y) — and 8{z) = x ® y — y ® x. And b(X') is isomorphic to 6(A) if and 
only if X' = X. 

All CLAs listed above are pairwise non-isomorphic except for the isomorphisms 
given in part (b). 

Proof. Let / = keiS. Repeating the first part of the proof of Lemma \3. 11 one sees 
that dim/ > 1. Since dimi = 3 and 6 7^ 0, we have dim/ = 2. Pick any basis 
{x, y} of /. The only skew-symmetric elements in I® 2 are X{x ®y — y®x) for some 
A e k y := k \ {0}. Let z e L\I such that S(z) — x®y — y®x. 

Since / is a Lie subalgebra of L (see Lemma r2.5f e)). we have the following two 
cases to consider. 

Case 1: / is abelian. Write 

[z, x] — a%x + a 2 y + a 3 z, 

[z,y] = b\x + 6 2 y + b 3 z. 

Applying (|E2.1.1[) to (a, 6) = (z, x), we have 

a 3 (x (X> y — y <8> x) = S([z,x]) — [S(z), + =0. 

Hence 03 = 0. By symmetry, 63 = 0. 

Using a linear transformation / : x — > C\\x + c\iy,y — > ci\x + C22J/ with 

det ( Cl1 Cl2 )=1, the matrix [ f 1 ? 2 ) becomes one of the Jordan forms 
\C2i c 22 y \b\ 6 2 / 













; 




or 







In the first Jordon case, if a = 6 = 0, this is case (a). If a 7^ (or by sym- 
metry if 6 7^ 0) we can assume that a — 1 by a change of basis {x, y, z} —> 
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{VcL~ 1 x,Va~ 1 y,a~ 1 z}. So this is case (b). In the second Jordon case, if a = 0, 

this is case (c). If a ^ 0, by a change of basis, we can assume that a = 1, which is 
case (d). 

Case 2: / is not abelian. So we may assume that [x,y] = y where {x,y} is a 
basis of /. Let z € L\I such that S(z) = x <E>y — y <S> x. Write 



Applying (|E2.1.1j) to (a, b) — (z, x), we have 

a 3 {x®y — y® x) — 5([z, x\) — [S(z), x ® 1 + 1 ® x] = —{x ® y — y ® x). 

Hence 0,3 = — 1. A similar argument shows that 63 = 0. By the Jacobi identity, we 
have 

b 1 x + b 2 y = [z,y] = [z, [x,y]] = [[z,x],y] + [x, [z,y]} 
= [aix + a 2 y -z,y] + [x, b x x + b 2 y] 
= aiy - {bix + b 2 y) + b 2 y. 
Then b\ = and a\ =b 2 . Thus we have 

[z, x] — ax + a 2 y — z, 
[z, y] = ay. 

After replacing z by z — ai, we have a = 0. This is the case (e). 

By the above argument, the CLAs listed are pairwise non-isomorphic except for 
the isomorphism given in part (b). □ 

The enveloping algebra of the case (e) has an interesting property that S 2 is not 
the identity, see [WZZ31 Example 4.2]. 

3.3. Dimension 4. This is the main subsection of Section 3. We will classify all 
4-dimensional anti-cocommutative CLAs. If S = 0, L is an ordinary Lie algebra of 
dimension four and the classification is known |OV( p. 209 Theorem 1.1] in which 
the base field k is C. So we assume that 5^0. Throughout this subsection we 
assume that L is a 4-dimensional anti-commutative CLA such that S 7^ 0. 

Lemma 3.3. Let I = kcr<5. Then I is a 3- dimensional Lie subalgebra of L. 

Proof. An easy calculation shows that / is a Lie subalgebra of L by using (|E2.1.1j) . 
It remains to show that dim/ > 2. Let H = U(L). By Lemma [2.5( g). p' 2 (H) = 
dimi - dim / < ( di ™ J ). If dim / < 2, then p' 2 (H) < 1 and dimi < 3, a contradic- 
tion. Therefore dim / > 2. □ 

Lemma 3.4. There are elements x\,x 2 in L such that 5 {L) = k{x\®x 2 — x\®x 2 ). 

Proof. Let {x[, x' 2 , x' 3 } be a basis of /. Since dim/ = 3, dimS(L) = 1. Pick 
z € L\I. Then we must have 



where A = (fly) is a non-zero 3x3 anti-symmetric matrix. Obviously, 5(L) is 
spanned by S(z). Now A has eigenvalues 0, A, — A for some A 7^ 0. By replacing z 



[z, x] — a x x + a 2 y + a 3 z, 
[z,y] = bix + b 2 y + b 3 z. 
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with zj s/A, we can assume that A has eigenvalues 0, 1, — 1. By linear algebra, there 
exists an invertible matrix P such that 




PAP 1 = 

By setting (x i; x 2 , x 3 ) T = P~ 1 (xi, x' 2 , x 3 ) T , we get 

5(z) = Xi ® X2 — Xi ® x 2 . 
This completes the proof. □ 

Here is the main result of this section. The proof is computation and some 
details are easy to check. 

Theorem 3.5. Let L be an anti-cocommutative CLA of dimension four such that 
5^0. Then there is a basis {xi, x 2 , x 3 , z} such that the coalgebra structure is given 
by S(xi) = and 5{z) = X\ ® x 2 — x 2 ® Xi . TTie Lie algebra structure of L is given 
by one of the following: 

(a) 

[X2,xi] = X2, 

[x 3 ,Xi] = [x 3 ,x 2 ] = 0, 

[-2,xi] = z + axi + cx 2 , 

[z,x 2 ] = ax 2 , 

[^,x 3 ] = bx 2 . 

where (a, fe) = (1, 1), (1, 0), (0, 1) or (0, 0) and c e k. 
(b) L = B((aij)) is determined by 

[x 2 ,xi] = [x 3 ,xi] = [x 3 ,x 2 ] = 0, 

[z, Xi] = anxi + ai 2 a; 2 + a i3 x 3 , 

[z, x 2 ] = a 2i xi + a 22 x 2 + a 23 x 3 , 

[z, x 3 ] = a 3i xi + a 32 x 2 + a 33 x 3 . 

where (a^) is a 3 x 3 matrix over k. The CLA B((aij)) is isomorphic to 
B((bij)) if and only if the matrix (a»j) is similar to X(bij) for some Ae P. 

(c) 



X 2 ,Xi] 


= 


X 3 ,Xi] 


= 3^2 


x 3 ,x 2 ] 


= 


[z,xi] 


= ax i + bx 3 


[z,x 2 ] 


= x 2 


[z,x 3 ] 


= CXl + (1 - 



where a, b, c e fc. 
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(d) 

[x 2 ,Xi] = 

[x 3 ,xi] = x 2 

[x 3 ,X 2 ] = 

[z, xi] = ax\ + bx 3 

[z,x 2 }=0 

[z,x 3 ] = cxi - ax 3 . 

where a, b, c e k. 

(e) 

[x2,Xl] = [x 3 ,x 2 ] = 0, 

[x 3 ,Xi] = X lt 

[z,Xi] = axi, 
[z,x 2 ] = bx l7 
[z, x 3 ] = — z + cx\ + ax 3 
where (a, b) = (1, 1), (1, 0), (0, 1) or (0, 0) and c e k. 

(f) 



(g) 



[X2,xi] 


= o, 


[X3,xi] 


= xi+ x 2 , 


[x 3 ,x 2 ] 


= x 2 , 


[z,xi] 


= [z,x 2 ] = 0, 


[z,x 3 ] 


= -2z 


[X2,xi] 


= 0, 


[X3,xi] 


= Xi, 


[x 3 ,x 2 ] 


= -x 2 , 


[z,xi] 


= ax\ + cx 2 ; 


[z,x 2 ] 


= bxi, 


[z,x 3 ] 


= 0. 



wwhere (a, b) = (1, 1), (1, 0), (0, 1) or (0, 0) and c G fc. 
(h) i = -ff (A, a) is determined by 



[x2,Xl] 


= 0, 


[x 3 ,xi] 


= Xi, 


[x 3 ,x 2 ] 


= A.x 2 , 


[z,xi] 


= ax 2 , 


[z,x 2 ] 


= ax\, 


[z,x 3 ] 


= (-l-\)z. 



where A e fc \ {0,-1} and a e {0,1}. The CLA H(X,a) is isomorphic to 

H(X', a') if and only if a' — a and A' = A or A' = A -1 . 
The CLAs listed above are pairwise non-isomorphic except for the isomorphisms 
given in parts (b,h). 
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Proof. By the previous two lemmas, for any 4-dimensional anti-cocommutative 
CLA L with non-zero S, we can choose a basis {xi, x 2 ,X3, z} such that / = ker 5 is 
spanned by {x\, x 2 , £3} and 5{z) = x\ ® X2 — x\ ® x 2 . 
Write 

[x 2 , xi] = a\X\ + b\x 2 + C1X3 

[x3,xi] = a 2 x\ + b 2 x 2 + C2X3 

[x 3 ,x 2 ] = 0,3X1 + b 3 x 2 + C3X3 
[z, xi] = e\z + <j)i = e\z + /ixi + g\x 2 + hix 3 
[z, x 2 ] = e 2 z + 4> 2 — e 2 z + f 2 xi + g 2 x 2 + h 2 x 3 
[z, X3] = e 3 z + (f> 3 = e 3 z + f 3 X! + g 3 x 2 + h 3 x 3 . 

Applying (jE2.1.1|) to (z,Xi) for i = 1,2,3, one obtains that ci = c 2 = C3 — and 
that ei = bi, e 2 = —ai, €3 = —a 2 — 63. Thus (1E2.1.1|) holds if and only if the Lie 
bracket satisfies 

[x2, x\] — a\X\ + bix 2 

[X3,x\] = a 2 xi + b 2 x 2 

[x 3l x 2 ] = C13X1 + b 3 x 2 
[z, xi] = biz + fixi + gix 2 + hiX3 
[z, x 2 \ = -aiz + f 2 Xi + g 2 x 2 + h 2 x 3 
[z,x 3 ] = (-a 2 - b 3 )z + f 3 xi + g 3 x 2 + h 3 x 3 . 

In particular, J := kx\ + kx 2 is a Lie subalgebra. So J is either abelian or sovlablc. 
If J is solvable, we may assume that [x2,xi] = x 2 . Since / is a Lie subalgebra, 

03^1 + b 3 x 2 = [x 3 ,x 2 ] = [x 3 , [x 2 ,xt]] 

= [[X3,X 2 ],Xi] + [x 2 , [x 3) Xi]] 

= [a 3 xi + b 3 x 2l xi] + [x 2l a 2 xx + b 2 x 2 ] 
= b 3 x 2 + a 2 x 2 . 

This implies that a 2 = a 3 = 0. 

If b 2 7^ or 63 7^ 0, after a base change, we have b 2 = 63 = 0. The Jacobi identity 
for other elements implies that 



[x 2 ,xi] 


= x 2 


[x3,Xl] 


= 


[X3,X 2 ] 


= 


[z,x\] 


= z + ., 


[z,x 2 ] 


= fix 2 


[z,x 3 ] 


= 9zx 2 



for fi,gi,hi G k. There are a few cases. First of all, we can make hi — by 
replacing z with z + h\x 3 . If j\ ^ 0, we can assume f% = 1 by replacing z, x 2 with 
jj-z, j^x 2 , respectively. If g 3 ^ 0, we can also normalize it to be 1 by replacing X3 
with — X3. All non-isomorphic Lie algebras are now listed in part (a). 

If J is abelian, [x 2 , x{\ — 0. If I is abelian, then [z, Xj] = <fii defines a Lie algebra 
and for any € J, i = 1, 2, 3. This is part (b). Further classification can be made 
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by taking the Jordan form of the coefficient matrix of {<j>i, <p 2 ,(j>3}. This is a linear 
algebra classification and, to save space, we will not list all possibilities. 

For the rest of the proof we assume that J is abelian and I is not abelian. Up 
to a change of basis {x\,x 2 }, we may assume that 

[x3, xi] — axi + bx2 
[x 3 ,x 2 ] = cx 2 



where 



a b\ (0 l\ (1 0\ (I l\ (1 
c = ° r ° r 1 ° r A 



where A e k x . 
Recall that 

[z, xi] = 4>\ = fixi + gix 2 + h x x 3 
[z, x 2 ] = 4> 2 = f 2 xi + g 2 x 2 + h 2 x 3 

[z, x 3 ] = (-a - c)z + 4> 3 = (-a - c)z + fexi + g 3 x 2 + h 3 x 3 . 
The Jacobi identity implies that 

= [<f) 2 ,xi] + [x 2 ,<j>i] 
(2a + c)(j>i + bcj> 2 = [<j)3,xi] + [x 3 , 4>±] 
(a + 2c)(j> 2 = [4> 3 ,x 2 ] + [x 3 , (j) 2 \. 
which completely determine the Lie algebra L. 

If f " ] = ( ^ 1, 1 , then we have 
V° C J V° °/ 

[x 2 ,xi] = 
[x 3l xi] = x 2 
[x 3 ,x 2 ] = 

[z, xi] = fixi + g x x 2 + h x x 3 

[z,x 2 ] = (h 3 + fi)x 2 

[z, x 3 ] = f 3 xi + g 3 x 2 + h 3 x 3 . 

First, we can make g\ — g 3 = by replacing z with z + g 3 x\ — g\x 3 . If h 3 + /i 7^ 0, 
we can make h 3 + /1 = 1 by replacing xi,x 2 ,z with -^J== Xl , -^=^=x 2 , h3 \ h z. 
After recycling the letters a, b, c, we obtain part (c). If h 3 + fi = 0, this is part (d) 
after recycling the letters a, 6, c. 

For the rest we use similar computations, so some details are omitted. 

If f ® I = [\ then we have 

[x 2 ,xi] = 
[x 3 ,x{\ = Xl 
[^3,^2] = 

[z,xi] = fixi 

[z,x 2 ] = f 2 Xi 

[z, x 3 ] = -z + f 3 xi + g 3 x 2 + f x x 3 . 
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First, g 3 can be made by replacing z with z—g 3 x 2 . If fi =/= 0, we can assume /i = 1 
by replacing z, x\ with j^z, j^xi, respectively. If f 2 7^ 0, we can also normalize it 

to be 1 by replacing x\, x 2 with y/f^xi, -^j=x 2 , respectively. All cases are listed in 
part (e). 



b\ I 1 



If ( « " I = ( ^ i ) ! then we have 
V° c ) V° V 

[x 2 ,xi] = 
[x 3 ,xi] = xi + x 2 
[x 3 ,x 2 ] = x 2 

[z,xx] = fixi + fix 2 

[z,x 2 ] = flX 2 

[z, x 3 ] = -2z + fox\ + g 3 x 2 + 2/ix 3 . 

First, we can make f 3 = 173 = by replacing z with z — f 3 X\ — (f 3 + g 3 ) x 2 . Then 
we can assume that /1 = by replacing z with z — fix 3 . This part (f). 

Finally, if ( ° ) = ( ? ) where A 7^ 0, then we have 



cj \0 \ 

[x2,Xl] = 
[x 3 ,xi] = Xi 
[x 3 ,x 2 ] = Xx 2 

[z, xi] = fixi + gix 2 

[z, x 2 ] = f 2 xi + g 2 x 2 

[z, x 3 ] = (-1 - X)z + f 3 Xi + g 3 x 2 + (1 + X)f 1 x 3 

such that (1 + A).gi = (1 + A)/ 2 = and A(l + A)/ x = (1 + X)g 2 . 

Suppose A = — 1. Then we can make g 2 — f 3 = g 3 = by replacing z with 
z + f 3 xi — g 3 x 2 + g 2 x 3 . Then, if /1 7^ 0, we can make /1 = 1 by replacing x 2 , z with 
j^x 2 , j^z. If if f 2 7^ 0, we can make f 2 = 1 by replacing x±,x 2 with \fj 2 x\, -^ x 2 
(Notice that /1 will not change). This is part (g). 

Suppose A 7^ — 1. We can also assume that f 3 = g 3 = by replacing z with 
z — ^Xi — g 3 x 2 . Now the last three relations become 

[z,xi] = fiXi +gix 2 

[z,x 2 ] = gixi + Xfix 2 

[z,x 3 ] = (-l-X)z + (l + X)f l x 3 

Then by replacing z with z — fix 3 , we can assume that /1 = 0. This is part (h). 
We finish the proof. □ 



4. Classification of Primitively-thin algebras of dimension at most 4 

Recall that a connected Hopf algebra H is primitively-thin if p(H ) = 2. 
If GKdim H = 2, then H — U(g) for a Lie algebra of dimension 2, which follows 
from Lemmas II. 3f e) and 2.6(c). 
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4.1. Primitively-thin Hopf algebras of GK-dimension 3. We recall the def- 
inition of two classes of Hopf algebras from [Zh2 ], which will be used later in the 
classification. 

Example 4.1. Let 4 be the algebra generated by elements X, Y, Z satisfying the 
following relations, 

[X,Y] = 0, 

[Z, X] = AiX + aY, 

[Z, Y] = A 2 Y, 

where a = if Ai 7^ A2 and a = or 1 if Ai = A2. Then 4 becomes a Hopf algebra 
via 



e(X) = 0, 


A(X) = 


1®X- 


f X ( 


g> 1, 


e(Y) = 0, 


A(Y) = 


1® Y H 


-Fig 


)1, 


e(Z) = 0, 


A(Z) = 




- X (g 


) y- y® a + z®i 



We denote this Hopf algebra by 4(Ai, A2, a). It is easy to see that 4(Ai,A2,a) is 
the enveloping algebra U (a(Ai, A2, a))) where a(Ai, A2, a) is the CLA defined before 
Lemma 13.21 

Example 4.2. Let B be the algebra generated by elements X,Y,Z satisfying the 
following relations, 

[X, Y] = Y. 

[Z,X] = -Z + XY, 

[Z,Y}=0, 

where A £ k. Then B becomes a Hopf algebra via the coalgebra structure given as 
in (|E4.1.ip . We denote this Hopf algebra by B(X). This algebra is the enveloping 
algebra U(b(X)) where 6(A) is the CLA defined in Lemma r3.2f e). 

The following proposition is from [Zh2, Theorem 7.8]. It also follows now from 
Lemma 13.21 and Theorem 12.71 

Proposition 4.3. Let H be a connected Hopf algebra. Then H is primitively-thin 
of GK-dimension 3 if and only if H is isomorphic to one of the following: 

(a) The Hopf algebras A(0, 0,0), 4(0,0,1), 4(1,1,1) or 4(1, A, 0) from Example 
\4-l\ for some X € k; 

(b) The Hopf algebras B(X) from Example \4-S\ for some X 6 k. 

4.2. Examples of connected Hopf algebras of GK-dimension 4. We intro- 
duce four classes of connected Hopf algebras of GK-dimension 4. Later we will show 
that these classes give a complete description of primitively-thin Hopf algebras of 
GK-dimension 4. 

Example 4.4. Let D be the algebra generated by X, Y, Z, W satisfying the follow- 
ing relations, 

[Y,X] = [Z,X] = [Z,Y]=0, 
[W,X} = a n X + a 12 Y, 
[W, Y] = a 21 X + a 22 Y, 
[W, Z] = (a n + a 22 )Z + + 
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where & k. Then D becomes a bialgebra via 

e(X)=0, Apr) = 1®X + X®1, 
e(F)=0, A(Y) = 1 ® Y + Y ® 1, 
e(Z)=0, A(Z) = lO^ + XOF-y ®X + Z® 1, 
e(W) = 0, 

A(W) = 1®W + W®1 

+ 9 1 {Z®X-X®Z + X<g>XY + XY®X) 
+ 6 2 (Y (gZ-Z(gY + XY(gY + Y(g XY), 

where 9{ £ k and at least one of them is non-zero. This bialgebra is also denoted 
by D({6i}, {dij}, {&}) if we want to indicate the parameters. It is easy to see that 
the coalgebra structure is connected. Hence the bialgebra D is automatically a 
Hopf algebra. Note that P(D) = kX + kY and P 2 (D) = kX + kY + kZ. Let / 
be a Hopf algebra isomorphism between two such Hopf algebras (or a Hopf algebra 
automorphism). Then / preserves the subspaces kX + kY and kX + kY + kZ, and 
it is now not hard to see that / sends 

X — > Cll X + c 12 Y, 
(E4.4.1) Y — > c 21 X + c 22 Y, 

Z — >■ c 31 X + c 32 Y + c 33 Z, 
W — > Cii W + w(X, Y, Z) 

where c,j € k and w(X, Y, Z) is a certain polynomial of X, Y, Z. (Note that / being 
a Hopf algebra isomorphism implies that Cy- and w satisfy some conditions which 
we will not give details here). 

Using an isomorphism /, or equivalently, choosing a new basis {X, Y, Z, W} 
properly, one can first normalize the matrix (0^)2x2 so that it becomes one of the 
following five: 



0\ (0 1\ (I 0\ (1 l\ (1 
0/ ' U 0/ ' U 0/ ' 1 1/ ' U A 



1 0\ . . , A 



(E4.4.2) 



where A ^ and in the last class I ^ is equivalent to I ^ A -1 J ' ^°P' ? 

algebras are pair-wise non-isomorphic if these are in different classes. Within any 
class, two Hopf algebras D({8i}, {a^}, {£i})s can be isomorphic for different pa- 
rameters {9i} and which is determined by the base changes that fixes the 

matrix given in (|E4.4.2|) (or change ^ ^\ to A^ 1 ) ^ m ^ C ^ &S ^ c ^ ass )" ^ or 

example, by replacing {X,Y, Z,W} by {aX,aY,a 2 Z,W}, the parameters {9\,9 2 } 
becomes {a~ 3 8i, a~ 3 9 2 }. This means that we may assume that {61,82} G P 1 . De- 
pendent on the form of the matrix iflij) listed in (|E4.4.2[) . one can further decide 
the parameters {£1,^2} such that the Hopf algebras D({9i}, {ay}, {&}) are non- 
isomorphic. In summary, the isomorphism classes of D({9i}, {a,%j}, {£i}) can be 
completely determined by easy linear algebra. 

There is another way of classifying all isomorphism classes of D({9i}, {(%}, {&}). 
First, by choosing the basis {X, Y, Z, W} properly, one can assume that 9\ = and 
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02 = 1. So we can fix {^1,^2} = {0, 1}. In particular, 

A(W) = 1®W + W ®1 + Y ® Z - Z ®Y + XY ®Y + Y <gs XY. 

Under this restriction, one can further classify the parameters {(aij), {&}}■ Unfor- 
tunately, then we can not assume that the matrix (o^) is of one of the form given 
in (|E4.4.2|) . 

From the algebraic relations, D({0i}, {a,j ;}, {£,i}) is isomorphic to a universal 
enveloping algebra of a Lie algebra. 

Example 4.5. Let E be the algebra generated by X, Y, Z, W satisfying the follow- 
ing relations, 



where € k. Then E becomes a bialgebra (and then a Hopf algebra) via 

e(X)=0, A(X) = 1®X + X®1, 
e(F)=0, A(Y) = 1®Y + Y®1, 
e{Z) = Q, A(Z) = 1®Z + X®Y-Y®X + Z®1, 
e(W) = 0, 

A{W) = 1®W + W®1 



Up to a base change (by setting W new — W — £'Y"), we may assume that £' = 0. 
We denote this Hopf algebra by -E(a, b, £) where a, 6, £ € A:. Using a base change 



for some c € k we can re-scale (a, &,£). The complete set of non-isomorphic classes 
of E(a, b, £) is corresponding to the following cases 



[Y,X] = [Z,Y} = 0, 



[Z,X]=X, 
[W, X] = aX, 
[W,Y] = bX, 



[W, Z)=aZ -W + ix + £'y. 



X cX, 

y c _1 y, 
z ^ z, 

W -> cW, 




if a = 6 = 0, 
if a = and 6^0, 



To unify the presentation of A(W), we make a change of basis 



X y, 
y -> x, 
z -> -z, 
1U -> w. 
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Under the new basis, the coalgebra structure is same except for A(W), which 
becomes 

A(W) = 1®W + W ®1 + Y <g> Z - Z ®Y + XY ®Y + Y <g> XY. 

The algebraic relations change accordingly, which can be easily done. 

From the algebraic relations, E(a,b,£) is isomorphic to a universal enveloping 
algebra of a Lie algebra. 

Example 4.6. Let F be the algebra generated by X, Y, Z, W satisfying the follow- 
ing relations, 



[Y,X] 


= [Z,Y]=0, 


[Z,X] 


= Y, 


[W,X] 


= PY, 


[W,Y] 


= 7 y 


[W,Z] 


= 7 z - + zx + s'y. 



where /3, 7 , £, £' e k. Then F becomes a bialgebra (and then a Hopf algebra) via 
e(X) = 0, A(X) = 1®X + X®1, 

e(Y) = 0, A(y) = i®y + y®i, 

(E4.6.1) e(Z) = 0, A(Z) = 1® Z + Xoy-y®X + Z(8)l, 

e(VF) - 0, 

A(W) = 1® W + W® 1 

If W is replaced by W„ e «> := W + £'X, then we can assume £' = 0. We denote the 
Hopf algebra by 7 , £). One can make further reduction by easy linear algebra. 
For example, if -7 7^ 0, by replacing X by X new := X — 7 _1 /3y, we have (3 = 0. 
By re-scalaring, we can further assume 7 = 1. If 7 = 0, then, by re-scalaring, we 
might assume /? = 1. In summary, {/3, 7 } is either {0, 1} or {1,0}. This completely 
determines the isomorphism classes of the Hopf algebras F(/3, 7 , £). 
Let W = W — ^XY 2 . Then the algebraic relations of F becomes 

[Y,X} = [Z,Y]=0, 
[Z,X]=Y, 
[W',X]=[3Y, 

[W, y] = 7 y 

[W, Z]=jZ + £X. 

Therefore the subspace generated by {X, Y, Z, W'} is a 4-dimensional Lie algebra, 
say g, and F is isomorphic to the enveloping algebra U(g) as algebras. 
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Example 4.7. Let K be the algebra generated by X,Y,Z,W satisfying the fol- 
lowing relations, 

[Y,X} = [Z,Y} = 0, 
[Z,X]=X, 
[W,X] =-z, 
[W, Y] = 0, 
[W,Z] = W -XY 2 . 

The coalgebra structure of K is given as in (|E4.6.1j) . Then K becomes a Hopf 
algebra. Let W' = W — \XY 2 . Then the algebraic relations become 

[Y,X} = [Z,Y] = 0, 

[Z,X]=X, 
[W',X]=-Z, 
[W',Y] = 0, 
[W',Z] = W'. 

Therefore the subspace generated by {X, Y, Z, W'} is a 4-dimensional Lie algebra, 
say g, and K is isomorphic to the enveloping algebra U(g) as algebras. 

Proposition 4.8. The algebras H defined in Examples \4-4fT^\ have the following 
properties. 

(a) H is an iterated Ore extension k[X][Y; Si][Z; S2][W; 03, S3}. 

(b) H is an Auslander regular Cohen- Macaulay domain. 

(c) The global dimension and GK-dimension of H is 4- 

(d) H is a Hopf algebra and connected as a coalgebra. 

(e) P(H) = kX + kY . The subalgebra generated by X,Y is the enveloping 
algebra U(q) where g is the Lie algebra P(H). 

(f) P2(H) = kX + kY + kZ . The subalgebra generated by X,Y,Z is the en- 
veloping algebra U(L) where L is the CLA P2(H). 

(g) H is not isomorphic to an enveloping algebra of either a Lie algebra or a 
CLA. 

(h) The lantarn £(H) of H is isomorphic to the graded Lie algebra of dimension 
four, with a basis {x* , y* , z* , w*}, such that z* = and w* — 
subject to the relation [z*,X*] = = = [w*,y*]. 

Sketch of the proof, (a) Follows from the definitions. 

(b,c) These facts are true for any iterated Ore extension. 

(d,e,f) These dependents on straightforward, but not trivial, computation. 

(g) This follows from parts (e,f). 

(h) This was proved in Lemma [PT c) . 

We can also check it directly here. Noting that {x* , y* , z* , w*} can be viewed 
as a dual basis of {X, Y, Z 7 W} in gr H and that coproducts of X, Y, Z, W given 
in Examples 14.4114.71 match up with the Lie structure of the £(H ) given in part 
(h). □ 

4.3. Primitively-thin Hopf algebra of GK-dimension 4, Part I. In this 
and the next two subsections we classify all primitively-thin Hopf algebra of GK- 
dimension 4. 
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Let C be a primitively-thin Hopf algebra of GK-dimension 3. By Proposition 
I4.3[ C is °f type A or B as in Examples 14.11 and 14.21 Let D be the Hopf algebra 
A(0, 0,0). Then it is easy to see that D is a coradically graded Hopf algebra by 
setting deg A — degY" = 1 and degZ = 2. Since grC = D, C is a so-called PBW 
deformation of D. 

Let {x, y, z} be any set of generators of C such that x, y are primitive and 
A(z) = \®z+x®y— y ®x + z®l. Then C has a basis consists of monomials of 
the form 

x h y i2 z l3 . 

Notice that C + is spanned by x n y %2 z 13 with at least one ik non-zero. Let x,y,~z 
be the homogeneous elements in D = grC corresponding to x,y,z, respectively. 
(In fact, an easy calculation shows that x, y, ~z can be identified with the canon- 
ical generators X, Y, Z as in the definition of A(0, 0,0)). Then grC has a ba- 
sis {x ll y l2 ~z 13 }. Now we have a fc-space isomorphism from C to grC by sending 
x n y t2 z t3 to x ll y 12 ^ 13 . Clearly this isomorphism maps C + onto D + . From now 
on we identify C with D — gr C as fc-spaces by this isomorphism, and we will 
abuse the notation by dropping the bars for the generators x,y,z of grC. Define 
deg x %1 y 12 z 13 = i\ + %2 + 2i 3 . This grading agrees with the natural grading on 
D = gr C. Moreover, by the defining relations of C, it is easy to check that 

A c (a) = A D (a)+ldt, 

where a G C and Idt denotes terms with degrees lower than deg a. As a consequence, 
we can think about ttC and SID, the cobar constructions of C and D, as the 
same graded fc-spaces with two differentials dc and do- Moreover, do respects the 
grading and 

= d£(b)+ldt, 

where b e (C+)® n . 

Lemma 4.9. Let D = A(0, 0, 0). Then dim fe H 2 (S1L>) = 2 and H 2 (S!£>) ts spanned 
by the classes of 2-cocycles (u) and (t), where 

(E4.9.1) u = z <E> x — x®z + xy®x + x<g) xy, 

(E4.9.2) t = y®z — z®y + xy®y + y® xy. 

Proof. As mentioned above, D is a graded Hopf algebra. Let A be the graded dual 
of D. Since D is commutative, A is cocommutative. By Proposition ll.il A = U(£) 
for some graded Lie algebra £. Since D is coradically graded as a coalgebra, A is 
generated in degree one. This implies that £ is the 3-dimensional Heisenberg Lie 
algebra. Or equivalently, A is generated by two degree one elements x\ and xi with 
relations 

x\xi + X2x\ — 2x\X2X\, x\x\ + X\x\ — 2xiX\Xi- 

By [LPWZ21 Lemma 8.6 (c)], B*A = ilC as DG algebras, where B* A is the graded 
dual of the bar construction of A. On the other hand, by [LPWZll Lemma 4.2], 
H*(£? # yl) = Ext' A (kA, fc^)- As a consequence, 

dim fc H 2 (DD) = dim fc Ext 2 A (k A , k A )=2. 

We introduce a Z 2 -grading on D by setting deg 2 x = (1,0), deg 2 y = (0,1) 
and deg 2 z = (1,1)- Then it is clear that D is a Z 2 -graded Hopf algebra and 
therefore the differentials of HD preserves the Z 2 -grading. A direct computation 
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shows that both u and t are 2-cocycles. Now if u is 2-coboundary, it must be a 
linear combination of d 1 (x 2 y) — S(x 2 y) — x 2 ® y + 2xy (§5 x + 2x <S> xy + y £g> x 2 and 
d 1 {xz) = 8(xz) = x®z + z<g)x + x 2 (E>y + x<8> xy. An easy calculation shows this 
is impossible. Hence the class (u) is a non-zero element in H 2 (QD). Similarly, one 
can show that the class (t) is also non-zero in H 2 (QD). Moreover, they are linearly 
independent since they have different Z 2 -degrees. This completes the proof. □ 

Recall that monomials of the form x z y^z k in C are identified with monomials 
x l y J ' z in D. 

Proposition 4.10. Retain the above notation. Then H 2 (QC) is spanned by the 
classes of 2-cocycles (u) and (t), where u and t are given as in (|E4.9.ip - (|E4.9.2[) . 
and dim fe H 2 (f7C) = 2. 

Proof. Let w be a non-zero linear combination of u and t. Then w is homogeneous 
of degree 3 and d^(w) = d 2 j(w) — by direct calculation (which only uses (|E4.1.1[1 ). 
Suppose that there exists c G C + such that w = d(j(c). Also, we can write d}j(c) = 
d)j(c) + v, where v £ (C + )® 2 has degree less than the degree of c. If the degree of c 
is larger than 3, then deg9] 3 (c) = dcgc > 3 as d]j is homogeneous and d]j(c) 7^ 0. 
Then 

degw = degdp(c) = deg<9^(c) > 3 > 
a contradiction. Therefore deg c < 3 and consequently, v has degree less than 3. 

Since d 2 D d l c {c) = d 2 D {w) = 0, we have d%(d x D (c) +v) = 0. Hence d 2 D (v) = 0. 
But degv < 3, so by Lemma \4.9\ there exists c! £ C + such that v = djj(c'). As a 
consequence, w — d\){c) + v = d\,(c + c'), which is a contradiction. 

Now, we have shown that H 2 (fiC) is at least of dimension two and (u), (t) are 
linearly independent in H 2 (f2C). On the other hand, by a standard spectral se- 
quence argument [Wei Theorem 5.5.1], we have dim^ H (flC) < dim^ H (f2£>) = 2. 
This completes the proof. □ 

Lemma 4.11. Let H be a connected coalgebra and K a proper subcoalgebra of H. 
Let N be the smallest number such that Kn C Hjv and suppose that N > 2, then 5 
induces a infective k-linear map from H+/K+ to K 2 (QK). 

Proof. By the choice of N, we see that, for any g £ H^, 

5(g) = A(g) -{l®g + g®l)£ H+_, <g> H+_, = K+_, <g> K+_ v 

Hence d] ( (S(g)) = d 2 < d 1 H (g) = d 2 1 d] 1 (g) = 0, which means that 8(g) is a 2-cocycle 
in the complex flK. Hence d defines a k- linear map from — > K 2 (QK). For any 
element g £ K^, 6(g) = d] ( (g) is a 2-boundary in the complex QK, whence it is 
zero in H 2 (flK). Thus S induces a fc-linear map from H+/K+ -> E 2 (QK). 

If g £ H^j \ Kff, we claim that 5(g) represents a non-zero cohomology class 
in H (QK). If not, there is w £ K + such that dh(w) = S(w) — 8(g). As a 
consequence, A(<7 — w) — 1 eg) (g — w) + (g — w) ® 1, i.e. g — w is a primitive element 
in H . By the fact that = , g~w £ K^. But this would imply that g £ K + , 
which contradicts the choice of g. Therefore the map from H^/K^ to H 2 (flK) is 
injective. □ 



Theorem 4.12. Suppose that H is a primitively-thin Hopf algebra of GK-dimension 
4. Then for any linearly independent primitive elements x,y, there exists z £ H 
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such that 

(E4.12.1) A(z) = \®z + x®y-y®x + z®\. 

For any such z, the algebra C generated by {x,y,z} is a Hopf subalgebra of GK- 
dimension 3. Moreover, there exists w £ H such that 

(E4.12.2) A(«;) = 1 ® w + x u + 6 2 t + w ® 1, 

where u and t are given as in (IE4.9.ip - (|E4.9.2[) and one of the scalars 81,62 is 
non-zero. For any such w, the set {x, y, z, w} generates H. 

Proof. By [Zh2 , Proposition 7. 10] , we can find a Hopf subalgebra C of GK-dimension 
3. By Proposition 14.31 there is an z £ C such that A(z) is of the form (|E4.12.1[) . 
Since P{C) = kx © ky = P{H), d = Hi. 

Let N > 2 be the smallest integer such that Cn £ Hn- By Mo, Lemma 
5.3.2], there exists w' £ Hn \ Cn such that A(w') — 1®u/ + io'®1 + / where 
/ £ Cn-i ® Cjv-i- Without loss of generality, we assume that w' £ H + . 

By Lemma ft.lH / represents a non-zero cohomology class in H 2 (ilC). By Propo- 
sition I4~TUI the cohomology classes in H 2 (QC) represented by / is a non-zero linear 
combination of (u) and (t). Hence there exists v £ C + and 61,82 £ k such that 
/ = + 8\u + O^t, where at least one of 9i is non-zero. Let w — w' + v. Then 

w <£ C and A(io) = 1 ® w + 61U + 6 2 t + w ® 1. 

Next we have to show that H is generated by x, y, z and w. Let K be the 
subalgebra of H generated by a;, y, z and w. Then it is easy to check that if is a 
sub-bialgebra and thus a Hopf subalgebra of H. By the construction of K, C C K . 
By [Zh2l Lemma 6.8], GKdimgrif > GKdimgrC + 1=4. On the other hand, 
GKdimgrif = GKdimif < GKdim ii = 4 since K C H. Hence GKdimX = 4. 
Now it follows from |Zh2[ Lemma 7.4] that K = H. This completes the proof. □ 

As a direct consequence, we have the following proposition. 

Corollary 4.13. Let H be a commutative, connected, primitively-thin Hopf algebra 
of GK-dimension 4. Then H is isomorphic to D({0, 1}, {0}, {0}). 

Proof. By Theorem 14.12) there is a surjective Hopf map from D({6i}, {0}, {0}) to 
H sending X, Y, Z, W to x, y, z, w, respectively, for some {61,62}- The map must be 
an isomorphism since both D and H are domains of GK-dimension 4. By definition, 
D{{ e i\i {0}> {0}) is a graded Hopf algebra with deg X = degF = 1, deg Z = 2 and 
degW = 3. Hence the graded dual H* is a graded commutative Hopf algebra, 
which must be isomorphic to the enveloping algebra [/(£) for some graded Lie 
algebra generated by two elements in degree 1. Such a Lie algebra is unique (up 
to isomorphism) and is given in Proposition 14. 8f h) . Therefore H is isomorphic to 
£/(£)*, which is isomorphic to D({0, 1}, {0}, {0}). □ 

Lemma 4.14. Retain the notation in Theorem ^. 12\ for parts (b,c). 

(a) The Hopf algebra D := D({0, 1}, {0}, {0}) is coradically graded by setting 
degX = degY = 1, degZ = 2 and degW = 3. 

(b) For any connected Hopf algebra H of GK-dimension 4 with dinifc P(H) = 2, 
gv H is isomorphic to D({0, 1}, {0}, {0}). 

(c) Working with grC (isomorphic to A(0,0,0)) and grH, we have C2 = H% 
and H£ /C^ is one- dimensional, which is spanned by the image of w. 
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Proof. Let D denote the Hopf algebra D({0, 1}, {0}, {0}). 

(a) One can check directly that grD = D. Hence D is coradically graded. 

(b) By jZh2t Theorem 1.2], gr_ff is commutative, and it is still connected and 
primitively-thin. The assertion follows from Corollary 14. 131 

(c) We may replace gr C by A(0, 0, 0) and gr H by D. Then the assertion follows 
by an easy computation. □ 

Proposition 4.15. Retain the notation in Theorem 14. 121 Then H has a k-basis 
of the form 

{x ll y l2 z li w li | t 1 ,t 2l *3,t 4 >0}. 

Proof. Let X, Y, Z, W be the elements in griJ corresponding to elements x, y, z, w 
in H . Then {X, Y, Z, W} generates gr H as an algebra by Theorem l4.121 By Lemma 
HTW b). gr H = D, so X, Y, Z, W satisfy the defining relations of D({0, 1}, {0}, {0}) 
given in Example 14.41 As a consequence, gr H has a fc-basis of the form 

{X^Y l2 Z^W u \h,i 2 ,i3,U>0}. 
Now the result follows. □ 

In Theorem 14. 121 the Hopf subalgebra C is primitively-thin. Hence by Proposi- 
tion 14.31 C must be isomorphic to either A(Xi, X2, a) or B(X). 

4.4. Primitively-thin Hopf algebra of GK-dimension 4, Part II. In this 
subsection we show that B(X) can not appear as a Hopf subalgebra of a primitively- 
thin Hopf algebra of GK-dimension 4. We start with an easy observation. 

Lemma 4.16. Let x and y be primitive elements. Then 

(E4.16.1) 5{xy 2 ) =y 2 ®x + x®y 2 + 2{xy (g> y + y (g> xy), 

(E4.16.2) S(x 2 y) = y®x 2 +x 2 ®y + 2(xy (g) x + x (g) xy), 

(E4.16.3) S(y 3 ) = 3(y ® y 2 + y 2 ® y). 

Proposition 4.17. Retain the notation in Theorem \4-12\ Then the Hopf subalgebra 
C can not be isomorphic to B(X). 

Proof. Suppose to the contrary that C is isomorphic to B{X) for some A e k. 
Therefore we can assume that x,y, z € C satisfies the relations listed in Example 
IL21 

First we assume that Q\ is not zero. By dividing w with 9\ we may assume that 
AO) = 1 <8> w + u + 2 * + w <g) 1. Using (TE4.12.2j) . (|E4.16.1|) . (jE4.16.3f) and the 
reltaions of B(X), we have 

H[w,y}) = A([w,y]) - [w, y] ® 1 - 1 <g> [w,y] 

= [A(w), A(y)} - [w, y] ® 1 - 1 ® [w, y] 
= z ® [x, y] — [x, y]® z 

+ [xy, y]®x + x® [xy, y] + xy <g> [a;, y] + [x, y] ® xy 

+ 2 ([xy,y]®y + y® [xy,y]) 

= -t + S(xy 2 ) + d j-S(y 3 ). 
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Let w 1 — xy 2 + ^y 3 — [w, y], then S(w') = t, and, whence, 

A(w') = 1 ® to' + 1 + w' ® 1. 

Now, under the map given in Lemma 14.114 the elements w and to' are mapped 
to (u) + 02{t) and (t), respectively. Hence dim*, H^/C^ — 2, which contradicts 
Lemma SHUJc) . 

Next we assume that Q\ = and # 2 ^ 0. By dividing w with # 2 we may assume 
that A(w) = l(£)w + t + w<E)l. A similar calculation shows that [w, x] + 2w G P{H) 
and [to, y] — iy 3 € P(H). As a consequence, 

(E4.17.1) z\) = [w, 2] <g> y — y ® [to, 2] + a; (g> [to, y] — [to, y]® x 

+ [y, z] ® z — 2 ® [y, 2] + [xy, z] ® y + 2/ ® A 
+ [t, x ® y - y ® x] 

= -2to ® y + 2y ® to + 2J ajs ® ffs 

s 

where a s G k, f s ,g s are monomials of the form x ll y l2 z 13 . Let (gr H) n denote the 
degree n piece of the graded Hopf algebra grH. Since gri? is commutative, [w, z] 
represents an element V G grH (4). Let X G grif(l), Y G gr_ff(l), Z G grff(2) 
and W € gr_ff(3) be the homogeneous elements in griJ corresponding to elements 
x,y,z and w in H, respectively. By (IE4.17.lll . we see that 

(E4.17.2) S(V) = -2W ®Y + 2Y ®W + a 'sf's ® 9^ 

s 

where a' s G k, f' s ,g' s are monomials of the form X %X Y %2 Z %3 . 

Now by Theorem 14.121 the set {X, Y, Z, W} generates gr H . Also, gr H is a 
Z 2 -graded coalgebra by setting deg 2 X = (1,0), deg 2 Y = (0,1), dcg 2 Z = (1,1) 
and deg 2 W = (1,2). Notice that deg 2 V = (1,3). Therefore, V must be a linear 
combination of linearly independent elements XY 3 , Y 2 Z, YW of degree (1,3). 
Hence there are ft G fc such that 

V = P1XY 3 + /3 2 ZY 2 + /3 3 YW 

or 

(E4.17.3) S(V) = <5(ftAY 3 + ftZY 2 + /3 3 YW) 

= ft(Y ®^ + W®Y)+^ ct'X ® 9s, 

s 

where a" G k, f' s ',g" are monomials of the form X %1 Y %2 Z 13 . If we compare the 
coefficient of W&Y on (|E4.17.2|) and (|E4.17.3I) . we get -2 = ft . On the other hand, 
if we compare the coefficient of Y <E) W, we have 2 = ft, which is a contradiction. 
This completes the proof. □ 

4.5. Primitively-thin Hopf algebra of GK-dimension 4, Part III. In this 
subsection we deal with the case when C = j4(Ai,A 2 ,a) and finish the analysis. 
Throughout this subsection we assume that C = A(Ai,A 2 ,a) where the relations 
of A(Xi, A 2 , a) are given in Example 14. 1( and that (Ai,A 2 ,a) is either (0,0,0), or 
(0,0, 1) or (1, 1, 1) or (1, A, 0) as listed in Proposition 14. 3f a). 
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Lemma 4.18. Let u and t be given as in (|E4.9.1|) - ()E4.9.2|) . 



(E4.18.1) [u, x ® 1 + 1 ® x] = a(y ®x~ x®y), 

(E4.18.2) [t, x ® 1 + 1 ® x] = Ai(y ® x - x <g> y), 

(E4.18.3) [u, y ® 1 + 1 ® y] = A 2 (y <g) x - x® y), 

(E4.18.4) [£,y® l + l®y] = G. 



Proof. We use the relations of A(Ai, Aa, a) and note that [x, y] = 0. By an easy 
computation, we have 

[u, x ® 1] = [z, x] ® x = (Aix + ay) ® x, 

[u, 1 ® x] = —x ® [z, x] = ~x ® (Aix + ay). 

Now (|E4.18.1|) follows by adding the above. 
By a computation, 

[t, x ® 1] = -[z, x] ® y = -(Aix + ay) ® y, 

[t, 1 ® x] = y ® [z,x] = y ® (Aix + ay), 

and (|E4. 18.21 ) is obtained by adding the above. The proof of the last two are similar. 

□ 

Lemma 4.19. Let w be as in Theorem \4-lS\ 

(E4.19.1) [w, x] = -(Ota + 2 \i)z + a n x + a i2 y 

(E4.19.2) [w, y] = -8i\ 2 z + a 2 \x + a 2 2U 

for some an , a\ 2 , <Xi\ , a 22 € k. 

Proof. We only prove the first equation and the proof of the second equation is 
similar. 

S([w, x]) = A([w,x]) — [w, x] ® 1 — 1 ® [w,x] 

= [A(w),x ® 1 + 1 ® x] - [w, x] ® 1 - 1 ® [w, x] 

= [w ® 1 + 1 ® w + Oxu + 9 2 t, x ® 1 + 1 ® x] - [w, x] ® 1 - 1 ® [w, x] 

= [6 x u + 9 2 t, x ® 1 + 1 ® x] 

= e^u, x ® i + i ® x] + e 2 [t, x ® i + i ® x] 

= (6>ia + 6» 2 Ai)(y®x-x®y) bv (|E4.18.1j) - (|E4.18.21> 

= -(9 1 a + 6 2 X 1 )6(z). 

Therefore [w,x] + (9\a + 9 2 Xi)z is a primitive elements, whence it is of the form 
anx + a\ 2 y for some an, a\ 2 G k. The assertion follows. □ 

Lemma 4.20. Retain the notation as above. ThenX 2 — 0. Consequently, (X\,\ 2 , a) 
is either (0, 0, 0), or (0, 0, 1) or (1,0, 0). 

Proof. Since [x,y] = 0, using Lemma 14.191 we have 
= [w, [x, y]] = [[w, x] , y] + [x, [w, y]] 
= [-(#ia + 6> 2 Ai)z + a n x + ai 2 y, y] + [x, ~9 x X 2 z + a 2 \x + a 22 y] 
= -(e 1 a + e 2 X 1 )[z,y] + e 1 X 2 [z,x] 
= -(9ia + 9 2 X 1 )(X 2 y) + 9 1 X 2 (X 1 x + ay) 
= -9 2 XiX 2 y + 6>iAiA 2 x. 
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Since one of Oi's is nonzero, A1A2 = 0. We only consider those (Ai, A2, a)'s given in 
Proposition 14. 3f a). therefore, A2 = 0. □ 

Lemma 4.21. Suppose A 2 = 0. Let u and t be given as in (|E4.9.1[) - (|E4.9.2[) . 

(E4.21.1) [u, z® 1 + 1 ® z] = -AiU + at - a5{xy 2 ) - Ai {xy ® x + x ® xy)), 
(E4.21.2) [t, z ® 1 + 1 ® z] = -Ai(a;y ® y + y ® xy) - a(y 2 ® y + y ® y 2 ), 

(E4.21.3) [u, a; ® y — y ® x] = Ai(x ® + ® a;) + a(y ® xy + xy ® y), 

(E4.21.4) [i,x ® y - y ® x] = -Ai(x ® y 2 + y 2 ® x) - a(y ® y 2 + y 2 ® y). 

Proof. By direct computation, we have 

[it, z ® 1] = (AiX + ay) ® z — [\\x + ay)y ® x — [\\X + ay) ® xy, 
[u, 1 ® z] = — z ® (Aix + ay) — xy ® (Aix + ay) — x ® (AiX + ay)y. 

Adding up and using definition and (IE4.16.1[) , we obtain (IE4.21.ip . Others are 
similar, by using definitions and direct computations. □ 



Lemma 4.22. Suppose A2 = 0. Then 

(E4.22.1) 0i(0 2 Ai + 6ia) = 0. 

Further, 

(a) //(Ai,A 2 ,a) = (0,0,0), then 

[w, z] = (an + a 22 )z + £ix + £ 2 y 

for some £j € k. 

(b) //(Ai, A 2 ,a) = (1,0,0), then Q\Q 2 — 0. If, moreover, Q\ — 0, then 

[w, z] = (an + a 22 )z + tu + {-0 2 )xy 2 + £ x x + £ 2 y 
/or some ^ € k. If, moreover, 6 2 = 0, and 

[w, z] = (an + a 22 )z - w + ^x + £ 2 y 

/or some & € fc. 

(c) //(Ai,A 2 ,a) = (0,0,1), tfien 6> x = and 

2 

[w, z] = (an + a 22 )z - -9 2 y' i + (,ix + &y 
for some G k. 
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Proof. 

S([w, z]) = A([w, z\) - [w, z] ® 1 - 1 <8> [w, z] 

= [A(w), A(z)] - [w, z) ® 1 - 1 <g> [tu, z] 

= [w (g> 1 + 1 (g> w + 9 ± u + 9$b, z®l + l®z+{x®y-y®x)] 

— [w, z] ® 1 — 1 ® [w, z], 
= [w ® 1 + 1 ® to, (x ® y — y ® x)] 

+ [0itt + 6> 2 £, z®l + l®.z+(x®y-y<g)x)] 
= -(0ia + ^2Ai)(z ® y - y ® z) + (a n + a 22 )(x ® y - y ® x) 

by (IE4.19.ip - ljE4.19.2D 
+ 6\{— \\u + at — a5(xy 2 ) + a(y ® xy + xy ® y)) 

by (lE4.21.ip - (lE4.21.3l) 
+ 6 2 (-\ 1 5(xy 2 ) + Ai {xy ® y + y ® xy) - 2a(y 2 ® y + y ® y 2 )) 

by (|E4.21.2)I - (|E4.21.4[) 

= -^iAiu + (20i a + 2 Ai)t 

2 

+ (an + 022)<y(«) + (-0iQ! - 9 2 \i)S(xy 2 ) - -6» 2 a6(y 3 ). 

Since 5([w, z\) <E C ® C, [w,z] induces a cohomology class in H 2 (flC). By Lemma 
14.14( c). S([w, z]) is a scalar multiple of S(w). This implies that 

02(-0iAi) - 0i(20 x a + 2 Ai) = 

or, after simplifying, we obtain (|E4.22.1|) . 

(a) By the above computation, we have 6([w, z\) = (an +a 22 )S(z). The assertion 
follows. 

(b) When (Ai, A 2 ,a) = (1,0,0), (|E4.22.1|I becomes 0i0 2 = and 

S([w, z]) = -diu + 9 2 t + (an + a 22 )5{z) - 9 2 S(xy 2 ). 
Since 9\9 2 = 0, — 9\u + 9 2 t is either S(w) or — 5(w). Hence we have 
[w, z] = (an + a 22 )z + cw + {-9 2 )xy 2 + £ix + £ 2 y 

for some € k and c = ±1, which gives two cases listed in part (b). 

(c) If (Ai, A 2 ,a) = (0,0, 1), then ((E4.22.ip implies that X = and 

2 , 

S([w, z}) = (an + a 22 )S(z) - -9 2 S(y 6 ) 

and therefore the assertion follows. □ 

Theorem 4.23. Let H be a connected Hopf algebra of GK- dimension 4 with 
dimfe P{H) = 2. Then H must be isomorphic to one of the Hopf algebras listed 
in Example \4-4\ \4-5\ \4-6\ and \4-7\ 

Proof. Retain the notation in Theorem [4T2] By Proposition [4T7] and Proposition 
14.31 C must be isomorphic to A(Ai, A 2 , a), where the possible choices of (Ai, A 2 , a) 
are listed in Proposition 14.3( a). By Lemma |4.20[ A 2 = 0. Hence C is either 
A(Q, 0, 0), or A(l, 0, 0), or A(0, 0, 1). 
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Case 1: C = A(0,0,0). By Lemma \§~M and ES^a), we have 

[to, x] = aux + a 12 y 
[to, y] = a 21 x + a 22 y 
[to, z] = (an + a 22 )z + £l% + &U 

for some an, 012,021, 022, £1,^2 G k. Together with the coalgebra given in Theorem 
14.121 this is the Hopf algebra described in Example 14.41 

Case 2: C — A(l, 0,0). By Lemma [4.22( b). there are two cases to consider. 
If 6\ = 0, by dividing w with 9 2 we can assume that O2 = 1. In this setting, by 
Lemmas 14.191 and 14.22T b) , we have 

[to, x] = —z + a\\x + a\ 2 y 
[w,y] = a 21 x + a 22 y 

[w, z] = (an + a 22 )z + to - xy 2 + £ix + &y 
for some an, 012, 021, 022, £1, £2 € k. Applying [to,—] to [z,y] — 0, one sees that 

= [w, [z, y}} = [[w, z],y] + [z, [w, y]] 
= [(an + a 22 )z + w -xy 2 + frx + £ 2 y, y] + [z, a 21 x + a 22 y] 
= [to, y] + a 2 i [z, x] = a 2 ix + a 22 y + a 2 ix. 

Thus 021 = 022 = 0. Applying [to,—] to [z,x] — x and using 021 = 022 = 0, one 
sees that 

[w,x] = [to, [z,x]] 

= [[to, z],x] + [z, [to, x]} 

= [auz + w - xy 2 + £ix + &y, x] + [z, —z + a\tx + a i2 y] 
= on[z,i] + [w, x] + an [z, x] = [to, x] + 2a\\x 

which implies that an =0. By setting z new — z — a% 2 y, we can make 012 = 0. By 
setting w new = to + \£,\x + £22/, we can make £1 = £2 = 0. New variables z and to 
still satisfy (TE4.12.ljT and (TE4.12.2j) . respectively (for X = 0). Therefore this is the 
Hopf algebra described in Example 14.71 

If 8 2 = 0, by dividing w with 6\ we can assume that 6\ = 1. In this setting, by 
Lemmas 14.191 and 14.22T b) , we have 

[to, x] = anx + a 12 y 
[to, j/] = a 2 ia; + a 22 y 
[to, z] = (an + a 22 )z - w + ^x + £, 2 y 

for some an, 012, 021, 022, £1, £2 € k. Applying [to,—] to [z,y] — 0, one sees that 

= [w, [z, y]] = [[w, z],y] + [z, [w, y]] 
= [(on + 022)2; - to + + &y, y] + [z, a 21 x + a 22 y] 
= -[w,y} + a 2 i [z,x] = -a 22 y. 
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Thus a22 = 0. Applying [w, — ] to [z, x] — x and using a22 = 0, one sees that 
[w, x] = [w, [z, x}) 

= [[w, z],x] + [z, [w, x]} 

= [anz — w + £_ix + £ 2 y, x] + [z, a\\x + a^y] 

= an [z, x] — [w,x] + au[z,x] — — [w, x] + 2anx 



which implies that 012 = 0. This is the Hopf algebra described in Example 14.51 

Case 3: C = A(0,0, 1). By Lemma g^c), Q x = 0. By dividing w with 9 2 we 
can assume that 9 2 = 1- In this setting, by Lemmas 14.191 and !4.22f c). we have 

[w, x] = aux + ai 2 y 

[w, y] = a 2 ix + a 2 iy 

2 

[w, z] = (an + 022)2 - -^y 3 + £ix + &y 

for some 011,012,021,022,^1^2 € k. Applying [w,—] to [z,y] — 0, one sees that 
= [w, [z,y]} = [[w,z],y] + [z, [w,y]} 
2 

= [(an + 022)2 - ^y 3 + £ix + y] + i z , a i\ x + 0222/] 

= a 2 iy. 

Hence 021 =0. Applying [10,—] to [z,x] =y, one sees that 
a 2 2y = [w, y] = [w, [z, x]} = [[w, z],x] + [z, [w, x}] 
2 

= [(an + a 22 )z - -y 3 + + &y, x] + [z, ai\X + a i2 y] 

= (an + a 22 )y + any. 

Hence an — 0. This is the Hopf algebra described in Example 14.61 □ 

4.6. Proof of the main result. With the help of the last few subsections, we are 
able to deliver the main theorem of the paper. 

Theorem 4.24 fTheorem l0.3p . Let H be a connected Hopf algebra of GK- dimension 
four over an algebraically closed field of characteristic zero. Then H is isomophic 
to one of following. 

(a) Enveloping algebra U(g) over a Lie algebra g of dimension 4. Note that 
all 4~ dimensional Lie algebras over the complex numbers C are listed in the 
book [OVl Theorem l.l(iv), page 209]. 

(b) Enveloping algebra U(L) over an anti-cocommutative CLA L of dimension 
4. All anti-cocommutative coassociative Lie algebras of dimension 4 are 
classified in Theorem \S.5\ 

(c) Primitively-thin Hopf algebras of GK-dimension four. All Primitively-thin 
Hopf algebras of GK-dimension four are classified in Theorem \4-23\ 

Proof. By Lemma fOT e) ■ p(H) > 2. Since U(q) embeds in H where g = P(H), we 
have p(H) < 4. 

If p (H) = 4, by Theorem H S U(g) where g = P(H) = P 2 {H). This is case 
(a). 

If p{H) — 3, by Theorem 12.71 H is isomorphic to the enveloping algebra U(L) 
over an anti-cocommutative CLA L of dimension 4. Anti-cocommutative CLAs of 
dimension 4 are classified in Theorem [ 
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If p(H) — 2, by definition, H is a primitively-thin Hopf algebras of GK-dimension 
four, which are classified in Theorem 14.231 □ 

Corollary 4.25. Let H be a connected Hopf algebra of dimension at most 4- Then, 
as an algebra, H is isomorphic to U(g) for some Lie algebra g. 

Proof. This is clear if GKdimi? < 3. For GKdimi/ = 4, the assertion is clear 
for the case when p(H) > 3. The only case left is when p(H) = 2, in which the 
assertion was checked case-by-case in Examples 14.4114.71 □ 
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